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Universidad Auto´noma de Madrid
Abstract
1 Introduction
The aim of this paper is to report on recent development on the conformal fractional Lapla-
cian, both from the analytic and geometric points of view, but especially towards the PDE
community.
The basic tool in conformal geometry is to understand the geometry of a space by studying
the transformations on such space. More precisely, let Mn be a smooth Riemannian manifold
of dimension n ≥ 2 with a Riemannian metric h. A conformal change of metric is such that
it preserves angles so, mathematically, two metrics h, h˜ are conformally related if
h˜ = fh for some function f > 0.
We say that an operator A(= Ah) onM is conformally covariant if under the change of metric
hw = e
2wh, then A satisfies the transformation (sometimes called intertwining) law
Ahwφ = e
−bwAh(eawφ) for all φ ∈ C∞(M), (1.1)
for some a, b ∈ R. One may associate to such A a notion of curvature with interesting conformal
properties as
QhA := Ah(1).
The intertwining rule (1.1) then yields the QA-curvature equation
Ah(e
aw) = ebwQhwA .
The most well known example of a conformally covariant operator is the conformal Lapla-
cian
Lh := −∆h + n−24(n−1)Rh, (1.2)
and its associated curvature is precisely the scalar curvature Rh (modulo a multiplicative
constant). The conformal transformation law is usually written as
Lhu(·) = u−
n+2
n−2 Lh(u · ) (1.3)
for a change of metric
hu = u
4
n−2h, u > 0,
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and it gives rise to interesting semilinear equations with reaction term of power type, such as
the constant scalar curvature (or Yamabe) equation
−∆hu+ n−24(n−1)Rh = n−24(n−1)cu
n+2
n−2 . (1.4)
The Yamabe problem (see [91, 67] for a general background) has been one of the multiple
examples of the interaction between analysis and geometry.
A higher order example of a conformally covariant operator is the Paneitz operator ([86]),
which is defined as the bi-Laplacian (−∆h)2 plus lower order curvature terms. Its associated
curvature, known as Q-curvature, a is fourth-order geometric object that has received a lot
of attention (see [21] and the references therein). The generalizaton to all even orders 2k
was investigated by Graham, Jenne, Mason and Sparling (GJMS ) in [49] and is based on the
ambient metric construction of [35].
These operators belong to a general framework in which on the manifold (M,h) there exists
a meromorphic family of conformally covariant pseudodifferential operators of fractional order
P hs = (−∆h)s + ... for any s ∈ (0, n/2).
P hs will be called the conformal fractional Laplacian. The main goal of this discussion is to
describe and to give some examples, applications and open problems for this non-local object.
The uniqueness issue will be postponed to Section 7.
To each of these there exists an associated curvature Qhs , that generalizes the scalar cur-
vature, the Q-curvature and the mean curvature. The Qhs constitute a one-parameter family
of non-local curvatures on M ; the objective is to understand the geometric and topological
information they contain, together with the study of the new non-local fractional order PDE
that arise.
The conformal fractional Laplacian is defined on the boundary of a Poincare´-Einstein
manifold in terms of scattering theory (all the necessary background will be explained in
Section 2). Research on Poincare´-Einstein metrics has its origins in the work of Newman,
Penrose and LeBrun [65] on four dimensional space-time Physics. The subsequent work of
Fefferman and Graham [35] provided the mathematical framework for the study of conformally
invariant (o covariant) operators on the boundary (denoted as the conformal infinity) of a
Poincare´-Einstein manifold (the ambient) through this approach, though the study of the
asymptotics of an eigenvalue problem in the spirit of Maldacena’s AdS/CFT correspondence.
The celebrated AdS/CFT correspondence in string theory [72, 2, 95] establishes a con-
nection between conformal field theories in n dimensions and gravity fields on an (n + 1)-
dimensional spacetime of anti-de Sitter type, to the effect that correlation functions in confor-
mal field theory are given by the asymptotic behavior at infinity of the supergravity action.
Mathematically, this involves describing the solution to the gravitational field equations in
(n+ 1) dimensions (which, in the simplest case of a scalar field reduces to the Klein–Gordon
equation) in terms of a conformal field, which plays the role of the boundary data imposed on
the (timelike) conformal boundary.
An equivalent construction for P hs has been recently proposed ([20]) in the setting of met-
ric measure spaces in relation to Perelman’s W -functional [87]. This point of view has the
advantage that it justifies the notion of a harmonic function in fractional dimensions that was
sketched in the classical paper of Caffarelli and Silvestre for the usual fractional Laplacian [17].
In Section 3 we will explain the construction of the conformal fractional Laplacian from a
purely analytical point of view. Caffarelli and Silvestre [17] gave a construction for the standard
fractional Laplacian (−∆Rn)s as a Dirichlet-to-Neumann operator of a uniformly degenerate
elliptic boundary value problem. In the manifold case, Chang and the author [22] related the
original definition of the conformal fractional Laplacian coming from scattering theory to a
Dirichlet-to-Neumann operator for a related elliptic extension problem, thus allowing for an
analytic treatment of Yamabe-type problems in the non-local setting ([41]).
The fractional Yamabe problem, proposed in [41] poses the question of finding a constant
fractional curvature metric in a given conformal class. In the simplest case, the resulting
(non-local) PDE is
(−∆)su = cu n+2sn−2s in Rn, u > 0. (1.5)
The underlying idea is to pass to the extension, looking for a solution of a (possibly degenerate)
elliptic equation with a nonlinear boundary reaction term, which can be handled through a
variational argument where the main difficulty is the lack of compactness. As in the usual
Yamabe problem, the proof is divided into several cases; some of them still remain open.
From the geometric point of view, the fractional Yamabe problem is a generalization of
Escobar’s classical problem [32] on the construction of a constant mean curvature metric on
the boundary of a given manifold, and in the particular case s = 1/2 it reduces to it modulo
some lower order error terms.
We turn to examples in Sections 4 and 5. As the standard fractional Laplacian (−∆Rn)s,
that can be characterized in terms of a Fourier symbol or, equivalently, as a singular integral
with a convolution kernel, the conformal fractional Laplacian on the sphere Sn and on the
cylinder R× Sn−1 may be defined in both ways.
Thus we first review the classical construction for the conformal fractional Laplacian on
the sphere coming from representation theory, which yields its Fourier symbol, and then prove
some new results on the characterization of this operator using only stereographic projection
from Rn. We show, in particular, a singular integral formulation for P S
n
s that resembles the
classical formula for the standard fractional Laplacian.
Next we follow a parallel construction for the cylinder, recalling the results of [27, 28]. More
precisely, we give the explicit formula for the conformal fractional Laplacian on the cylinder
in terms of its Fourier symbol, and then, a singular integral formula for a convolution kernel.
This second example is interesting because it is the natural geometric characterization of
an isolated singularity for the fractional Laplacian{
(−∆)su = c u n+2sn−2s in Rn \ {0}, u > 0,
u(x)→∞ as |x| → 0.
(1.6)
Radially symmetric solutions for (1.6) have been constructed in [28] and are known as Delaunay
solutions for the fractional curvature, since they generalize the classical construction of radially
symmetric constant mean curvature surfaces [29, 30], or radially symmetric constant scalar
curvature surfaces [63, 89].
In addition, the cylinder is the simplest example of a non-compact manifold where the
conformal fractional Laplacian may be constructed. However, being a non-local operator, it
may not be well defined in the presence of general singularities. In Section 6 we give the lat-
est development on this issue. This raises challenging questions in the area of nonlocal PDE
and removability of singularities, with implications both in harmonic analysis and pseudo-
differential operators.
Then, in Section 7, we consider the issue of uniqueness. Since the conformal fractional
Laplacian is defined on the boundary of a Poincare´-Einstein manifold, it will depend on this
filling. We will review here the well known construction of two different Poincare´-Einstein
fillings for the same boundary manifold [55]. Unfortunately, we have not been able to find an
explicit expression for the corresponding operators P is , i = 1, 2.
Our last Section 8 is of independent interest. It is motivated by the following question:
given a smooth domain Ω in Rn+1, is there a canonical way to define the conformal fractional
Laplacian on M = ∂Ω using only the information on the Euclidean metric in Ω? More
generally, what are the (extrinsic) conformal invariants for a hypersurfaceMn of Xn+1? Some
invariants have been very recently constructed in [48, 44, 45]; these resemble the conformal
non-local quantities we have defined on the boundary of a Poincare´-Einstein manifold but the
new approach is much more general and applies to any embedded hypersurface.
In particular, when M is a surface in Euclidean 3-space, one recovers the Willmore invari-
ant with this construction (the interested reader may look at the survey [75] for the latest
development on the Willmore conjecture), so an interesting consequence is that one produces
new (extrinsic) conformal invariants for hypersurfaces in higher dimensions that generalize the
Willmore invariant of a two-dimensional surface.
We conclude this introduction with some remarks on further generalizations to other ge-
ometries. First, note that the formulas for the conformal fractional Laplacian in the sphere
case as the boundary of the Poincare´ ball have been long known in the representation the-
ory community. They arise from the theory of joint eigenspaces in symmetric spaces, since
the Poincare´ model for hyperbolic space is the simplest example of a non-compact symmetric
space of rank one. But there are other examples of rank one symmetric spaces: the complex
hyperbolic space, that yields the CR fractional Laplacian on the Heisenberg group or the
quaternionic hyperbolic space [10, 37].
On the contrary, the picture is more complex in the higher rank case, and it is related to
the theory of quantum N -body scattering (see [83] and related references). In the forthcoming
paper [42] we aim to provide an analytical formulation for this problem without the represen-
tion theory machinery, when possible. The idea is to construct conformally covariant non-local
operators on the boundaryM of a higher rank symmetric space Xn+k, which is a submanifold
of codimension k > 1. Analytically, the difficulties come from considering boundary value
problems for systems of (possibly degenerate) linear partial differential equations with regular
singularities ([59]).
Many of the ideas above still hold if one switches from Riemannian to Lorentzian geometry.
In particular, the conformal fractional Laplacian becomes the conformal wave operator, and
one needs to move from elliptic to dispersive machinery. The papers [94, 31] provide a first
approach to this setting, but many open questions still remain.
2 Scattering theory and the conformal fractional Lapla-
cian
We first provide the general geometric setting for our construction and, in particular, the
definition of a Poincare´-Einstein filling.
Let Xn+1 be (the interior of) a smooth Riemannian manifold of dimension n + 1 with
compact boundary ∂X =Mn. A function ρ is a defining function of M in X if
ρ > 0 in X, ρ = 0 on ∂X, dρ 6= 0 on ∂X.
We say that a metric g+ is conformally compact if the new metric
g¯ := ρ2g+
extends smoothly to X for a defining function ρ so that (X, g¯) is a compact Riemannian
manifold. This induces a conformal class of metrics [h] on M for h = g¯|TM as the defining
function varies. (Mn, [h]) is called the conformal infinity and (Xn+1, g+) the ambient manifold
or filling.
A metric g+ is said to be asymptotically hyperbolic if it is conformally compact and the
sectional curvature approaches to −1 at the conformal infinity, which is equivalent to saying
that |dρ|g¯ → 1. A more restrictive condition is to demand that g+ is conformally compact
Einstein (Poincare´-Einstein), i.e., it is conformally compact and its Ricci tensor satisfies
Ricg+ = −ng+.
Given a representative h of the conformal infinity (M, [h]), there is a unique geodesic
defining function ρ such that, on a neighborhood M × (0, δ) in X , g+ has the normal form
g+ = ρ−2(dρ2 + hρ) (2.1)
where hρ is a one parameter family of metrics on M such that hρ|ρ=0 = h ([46]). In the
following, we will always assume that the defining function for the problem is chosen so that
the metric g+ is written in normal form once the representative h of the conformal infinity is
fixed. g¯ will be always defined with respect to this defining function.
Let (X, g+) be Poincare´-Einstein manifold with conformal infinity (M, [h]). The conformal
fractional Laplacian P hs is a nonlocal operator on M which is constructed as the Dirichlet-
to-Neumann operator for a generalized eigenvalue problem on (X, g+), that we describe next.
Classical references are [80, 50, 58, 51], for instance.
The spectrum of the Laplacian −∆g+ of an asymptotically hyperbolic manifold is well
known ([80, 79]). More precisely, it consists of the interval
[
n2/4,∞) and a finite set of L2-
eigenvalues contained in
(
0, n2/4
)
. Traditionally one writes the spectral parameter as σ(n−σ);
in the rest of the paper we will always assume that this value it is not an L2-eigenvalue.
Then, for σ ∈ C with Re(σ) > n/2 and such that σ 6∈ n/2 + N, for each Dirichlet-type data
u ∈ C∞(M), the generalized eigenvalue problem
−∆g+w − σ(n− σ)w = 0 in X (2.2)
has a solution of the form
w = Uρn−σ + U˜ρσ, U, U˜ ∈ C∞(X), U |ρ=0 = u. (2.3)
Fixed s ∈ (0, n/2), s 6∈ N, and σ = n/2 + s as above, the conformal fractional Laplacian on
M with respect to the metric h is defined as the normalized scattering operator
P hs u = ds U˜ |ρ=0, (2.4)
for the constant
ds = 2
2s Γ(s)
Γ(−s) , (2.5)
where Γ is the ordinary Gamma function.
Remark here that the operator P hs is non-local, since it depends on the extension metric
g+ even if we do not indicate it explicitly. For the rest of this paper we will always assume
that a background metric g+ has been fixed.
The main properties of the conformal fractional Laplacian are summarized in the following:
i. P hs is a self-adjoint pseudo-differential operator on M with principal symbol the same as
(−∆h)s, i.e.,
P hs ∈ (−∆h)s +Ψs−1,
where Ψl is the set of pseudo-differential operators of loss l.
ii. In the case that M = Rn with the Euclidean metric |dx|2 and its canonical extension to
R
n+1
+ , all the curvature terms vanish and
PR
n
s = (−∆Rn)s,
i.e., we recover the classical fractional Laplacian.
iii. P hs is a conformally covariant operator, in the sense that under the conformal change of
metric
hu = u
4
n−2sh, u > 0,
it satisfies the transformation law
P hus (·) = u−
n+2s
n−2s P hs (u · ). (2.6)
The fractional order curvature of the metric h on M associated to the conformal fractional
Laplacian P hs is defined as
Qhs = P
h
s (1),
although note that other authors use a different normalization constant. From the above
relation (2.6) we obtain the curvature equation
P hs (u) = Q
hu
s u
n+2s
n−2s in Mn, (2.7)
which is a non-local semilinear equation with critical power nonlinearity generalizing (1.5) to
the curved case.
One of the main observations is that the P hs constitute a one-parameter meromorphic family
of conformally covariant operators on M , for s ∈ (0, n/2), s 6∈ N. At the integer powers, the
conformal s-Laplacian can be constructed by a residue formula thanks to the normalization
constant (2.5) (see [50]). In addition, when s is a positive integer, P hs is a local operator that
coincides with the classical GJMS operator from [49, 35]. In particular:
• For s = 1, P1 is precisely the conformal Laplacian defined in (1.2), i.e.,
P h1 = Lh = −∆h + n−24(n−1)Rh, (2.8)
and the associated curvature is a multiple of the scalar curvature
Qh1 =
n−2
4(n−1)Rh.
• For s = 2, the conformal fractional Laplacian coincides with the well known Paneitz
operator ([86])
P h2 = (−∆h)2 + δ(anRh + bnRich)d+ n−42 Qh2 ,
and Q2 is (up to multiplicative constant) the so-called fourth order Q-curvature.
For any other powers s 6∈ N, P hs is a non-local operator on M and reflects the geometry of the
filling (X, g+). Some explicit examples will be considered in Sections 4 and 5.
We also remark that the same construction is true for a general asymptotically hyperbolic
manifold, except for values s ∈ N/2, unless the expansion of the term hρ in the normal form
(2.1) is even up to a suitable order [50, 51]. In this exposition we will explain in detail only
the case s ∈ (0, 1), where we will explain the role played by mean curvature (see Theorem 3.2
below).
3 The extension and the s-Yamabe problem
It was observed in [22] (see also [20] for the most recent development) that the generalized
eigenvalue problem (2.2)-(2.3) on (X, g+) is equivalent to a linear degenerate elliptic problem
on the compactified manifold (X, g¯). Hence they reconciled the definition of the conformal
fractional Laplacian P hs given in the previous section as the normalized scattering operator and
the one given in the spirit of the Dirichlet-to-Neumann operators by Caffarelli and Silvestre
in [17].
In this section we will assume that s ∈ (0, 1). For higher powers s > 1 we refer to [20],
[96] and [26]. As in the introduction chapter, we set a = 1 − 2s. W 1,2(X, ρa) will denote the
weighted Sobolev space W 1,2 on X with weight ρa.
Theorem 3.1 ([22]). Let (X, g+) be a Poincare´-Einstein manifold with conformal infinity
(M, [h]). Then, given u ∈ C∞(M), the generalized eigenvalue problem (2.2)-(2.3) is equivalent
to the degenerate elliptic equation{
− div (ρa∇U) + E(ρ)U = 0 in (X, g¯),
U |ρ=0 = u on M,
(3.1)
where the derivatives are taken with respect to the original metric g¯, and U = ρn/2−sw. The
zero-th order term is
E(ρ) = ρ−1−σ
(−∆g+ − σ(n− σ)) ρn−σ.
Notice that, in a neighborhood M × (0, δ) where the metric g+ is in normal form (2.1), this
expression simplifies to
E(ρ) = n−1+a4n Rg¯ρ
a. (3.2)
Such U is the unique minimizer of the energy
F [V ] =
∫
X
ρa|∇V |2g¯ dvg¯ +
∫
X
E(ρ)|V |2 dvg¯
among all the functions V ∈ W 1,2(X, ρa) with fixed trace V |ρ=0 = u. Moreover, we recover
the conformal fractional Laplacian on M as
P hs u = −d∗s lim
ρ→0
ρa∂ρU,
where
d∗s = −
22s−1Γ(s)
sΓ(−s) .
Before we continue with the exposition, let us illustrate these concepts with the simplest
example of a Poincare´-Einstein manifold: the hyperbolic space Hn+1. It can be characterized
as the upper half-space Rn+1+ (with coordinates x ∈ Rn, y ∈ R+), endowed with the metric
g+ =
dy2 + |dx|2
y2
.
In this case, y is a defining function and the conformal infinity {y = 0} is just the Euclidean
space Rn with its flat metric |dx|2. Then problem (3.1) with Dirichlet condition u reduces to{
− div (ya∇U) = 0 in Rn+1+ ,
U |y=0 = u on Rn,
(3.3)
and the fractional Laplacian at the boundary Rn is just
PR
n
s u = (−∆Rn)su = −d∗s lim
y→0
(ya∂yU) ,
which is precisely the usual construction for the fractional Laplacian as a Dirichlet-to-Neumann
operator from [17]. We note that it is possible to write U = P ∗x u, where P is the Poisson
kernel for this extension problem as given in the introduction chapter.
If the background manifold (X, g+) is not Poincare´-Einstein, but only asymptotically hy-
perbolic, we have a similar extension problem but here the mean curvature of the boundary
M respect to the metric g¯ in X, denoted by H , plays an essential role:
Theorem 3.2 ([22]). Let (Xn+1, g¯+) be an asymptotically hyperbolic manifold with a geodesic
defining function ρ and conformal infinity (Mn, [h]), with the metric written in normal form
(2.1). Then the conformal fractional Laplacian can be constructed through the following exten-
sion problem: for each given smooth function u on M , consider{
− div(ρa∇U) + E(ρ)U = 0 in (X¯, g¯),
U = u on M,
where
E(ρ) = n−1−a4n
[
Rg¯ −
{
n(n+ 1) +Rg+
}
ρ−2
]
ρa. (3.4)
Then there exists a unique solution U and moreover,
1. For s ∈ (0, 12 ),
P hs u = −d∗s lim
ρ→0
ρa∂ρU, (3.5)
2. For s = 12 , we have an extra term
P h1
2
u = lim
ρ→0
∂ρU +
n−1
2 Hu.
3. If s ∈ ( 12 , 1), the limit in the right hand side of (3.5) exists if and only if the the mean
curvature H vanishes identically, in which case, (3.5) holds too.
Remark 3.3. Note that, in the particular case that s = 1/2, the fractional curvature Q1/2
reduces to the mean curvature of M (up to multiplicative constant).
This dichotomy in Theorem 3.2 due to the presence of mean curvature also appears in many
other non-local problems such as [18, 39, 88]. The underlying idea is that, for s ∈ (0, 1/2),
non-local curvature is the essential term, but for s ∈ (1/2, 1), mean curvature takes over.
Our next objective is, in the Poincare´-Einstein case, to compare the geometric extension
(3.1) to the Euclidean one (3.3). It was observed in [22] that it is possible to find a special
defining function ρ∗ such that when we rewrite the scattering equation (3.1) for the new
metric g¯∗ = (ρ∗)2g+, the lower order term E(ρ∗) vanishes; thus making the extension as
close as possible to the Euclidean one. This construction was inspired in the special defining
function of [66] and is also an essential ingredient in the formulation of the scattering problem
in the metric measure space setting of [20], which is a very interesting development for which
we do not have space here.
As it was pointed out in [20], it is necessary to assume, here and in the rest of this exposition,
that the first eigenvalue for −∆g+ satisfies λ1(−∆g+) > n
2
4 − s2. We arrive at the following
improvement of Theorem 3.1:
Proposition 3.4 ([22, 20]). Let w∗ be the solution to (2.2)-(2.3) with Dirichlet data u ≡ 1,
and set ρ∗ = (w∗)
1
n/2−s . The function ρ∗ is a defining function of M in X such that E(ρ∗) ≡ 0.
Moreover, it has the asymptotic expansion near the conformal infinity
ρ∗(ρ) = ρ
[
1 +
Qhs
(n/2− s)ds ρ
2s +O(ρ2)
]
.
By construction, if U∗ is the solution to{
− div ((ρ∗)a∇U∗) = 0 in (X, g¯∗),
U∗ = u on M,
with respect to the metric g¯∗ = (ρ∗)2g+, then
P hs u = −d∗s lim
ρ∗→0
(ρ∗)a ∂ρ∗U∗ + uQhs .
Next, we give an interpretation of the fractional curvature as a variation of weighted volume,
in analogy to the usual mean curvature situation. The notion of renormalized volume was first
investigated by the physicists in relation to the AdS/CFT correspondence, and was considered
by [36, 24]. Given (Xn+1, g+) a Poincare´-Einstein manifold with boundary Mn and defining
function ρ, one may compute the asymptotic expansion of the volume of the region {ρ > ǫ}; the
renormalized volume is defined as one very specific term in this asymptotic expansion. When
the dimension n is odd, the renormalized volume is a conformal invariant of the conformally
compact structure, and it can be calculated as the conformal primitive of the Q-curvature
coming from the scattering operator (this is the case s = n/2). In that case that n is even,
the picture is more complex, and one can show that the renormalized volume is one term of
the Chern-Gauss-Bonnet formula in higher dimensions.
When s ∈ (0, 1) one can also give a weighted version for volume (see [38]), and to obtain
the fractional curvature Qs as its first variation. More precisely, for each ε > 0 we set
volg+,s({ρ > ε}) :=
∫
{ρ>ε}
(ρ∗)
n
2 −s dvg+ , (3.6)
where ρ∗ is the special defining function from Proposition 3.4.
Proposition 3.5 ([38]). Let (X, g+) be a Poincare´-Einstein manifold with conformal infinity
(M, [h]). The weighted volume (3.6) has an asymptotic expansion in ε when ε→ 0 given by
volg+,s({ρ > ε}) = ε−
n
2 −s
[(
n
2 + s
)−1
vol(M) + ε2sV hs + higher order terms
]
where
V hs :=
1
ds
1
n/2− s
∫
M
Qhs dvh.
Finally, and as an application of the extension Theorems 3.1 and 3.2, we give a summary
of the recent development on the fractional Yamabe problem.
The resolution of the classical Yamabe problem by Aubin, Schoen, Trudinger, has been one
of the most significant advances in geometric analysis (see [67, 91], and the references therein).
Given a smooth background metric, the problem is to find a conformal one that has constant
scalar curvature. In PDE language, this is (1.4).
One may pose then the analogous question of finding a constant Qs-curvature in the same
conformal class as a given one. This study was initiated by the author and Qing in [41], and
it amounts to, given a background metric (Mn, h), solve the following non-local semilinear
geometric equation with critical exponent (recall (2.7)),
P hs (u) = cu
n+2s
n−2s , u > 0, (3.7)
for some constant c on M .
Theorem 3.1 allows to write (3.7) as a local elliptic equation in the extension with a non-
linear boundary reaction term:− div(ρ
aU) + E(ρ)U = 0 in (Xn+1, g¯),
−d∗s lim
ρ→0
ρa∂ρU = cu
n+1
n−1 on Mn, u > 0,
(3.8)
where we have written u = U(·, 0).
Even though (3.7) is a non-local equation, the resolution to the fractional Yamabe problem
follows the same scheme as in the original Yamabe problem for the scalar curvature, using
a variational method. In addition, the s = 1/2 case is deeply related to the prescribing
constant mean curvature problem (also known as the boundary Yamabe problem) considered
by Escobar [32], Brendle-Chen [13], Li-Zhu [68], Marques [73, 74], Almaraz [3], Mayer-Ndiaye
[76] and others, and which corresponds to the following Dirichlet-to-Neumann operator{−∆g¯u+ n−14n Rg¯u = 0 in (Xn+1, g¯),
∂νu+
n−1
2 Hu = cu
n+1
n−1 on Mn.
(3.9)
This connection will be made precise right below (3.14). However, there is a subtle issue: in the
proof one will need to find particular background metric (X, g¯) with very precise asymptotic
behavior near a point p ∈ M in a good coordinate system. However, in contrast to the study
of (3.9), where they are free to choose conformal Fermi coordinates on the filling (X, g¯), our
freedom of choice of metrics for (3.8) is restricted to the boundary. Once a metric h1 ∈ [h]
is chosen, the corresponding defining function ρ1 is determined and the extension metric g¯1,
written in normal form (2.1) for g¯1 = (ρ1)
2g+, is unique and cannot be simplified.
Let us set up the notation for (3.7). We consider a scale-free functional on metrics in the
class [h] on M given by
Is[h] =
∫
M Q
h
s dvh
(
∫
M
dvh)
n−2s
n
.
Or, if we set a base metric h and write a conformal metric hu = u
4
n−2sh, then
Is[u, h] =
∫
M
uP hs (u) dvh(∫
M
u2∗ dvh
) 2
2∗
,
where
2∗ =
2n
n− 2s.
We will call Is the s-Yamabe functional.
Our objective is to find a metric in the conformal class [h] that minimizes the functional
Is. It is clear that a metric hu, where u is a minimizer of Is[u, h], is an admissible solution for
(3.7) (positivity will be guaranteed by an application of a suitable maximum principle). This
suggests that we define the s-Yamabe constant
Λs(M, [h]) = inf {Is[h1] : h1 ∈ [h]} .
It is then apparent that Λs(M, [h]) is an invariant on the conformal class [h] when g
+ is fixed.
In addition, it is proved in [41] that the sign of Λs(M, [h]) governs the sign of the possible
constants c in (3.7), and the sign of the first eigenvalue for P hs .
In the mean time, based on Theorem 3.1, we set
I¯s[U, g¯] =
∫
X ρ
a |∇U |2g¯ dvg¯ +
∫
X E(ρ)U
2 dvg¯(∫
M
|U |2∗ dvh
) 2
2∗
. (3.10)
Note then
Λs(X, [h]) = inf
{
I¯s[U, g¯] : U ∈ W 1,2(X, ρa)
}
. (3.11)
As a consequence, fixing the integral
∫
M
u2
∗
dvh = 1, if U is a minimizer of the functional
I¯s[ · , g¯], then its trace u = U(·, 0) is a solution for (3.7).
This minimization procedure is related to the trace Sobolev embedding
W 1,2(X, ρa) →֒ Hs(M) →֒ L2∗(M),
which is continuous, but not compact. Hence the difficulty comes from this lack of compactness,
which is well understood in the Euclidean case below:
Theorem 3.6 ([69]). There exists a positive constant Cn,s such that for every function U in
W 1,2(Rn+1+ , y
a) we have that
‖u‖2L2∗ (Rn) ≤ Cn,s
∫
R
n+1
+
ya|∇U |2 dx dy,
where u is the trace u := U(·, 0). Moreover equality holds if and only if u is a “bubble”, i.e.,
u(x) = C
(
µ
|x− x0|2 + µ2
)n−2s
2
, x ∈ Rn, (3.12)
for C ∈ R, µ > 0 and x0 ∈ Rn fixed, and U = P ∗x u its Poisson extension.
We also remark that all entire positive solutions to
(−∆)su = u n+2sn−2s , u > 0,
have been completely classified (see [57], for instance, for an account of references). In particu-
lar, they must be the standard “bubbles” (3.12). Other non-linearities for fractional Laplacian
equations have been considered, for instance in [15, 14, 93, 8], although by no means this list
is exhaustive.
Going back to the minimization problem (3.11), we observe that the variational method
that was used in the resolution of the classical Yamabe problem can still be applied, but the
difficulty comes from the specific structure of metric in the filling (X, g¯). In any case, one
starts by comparing the Yamabe constant on M to the Yamabe constant on the sphere.
Using stereographic projection, from Theorem 3.6 it is easily seen that
Λs(S
n, [hSn ]) =
1
Cn,s
,
where [hSn ] is the canonical conformal class of metrics on the sphere S
n understood as the
conformal infinity of the Poincare´ ball.
Suppose that (Xn+1, g+) is an asymptotically hyperbolic manifold with a geodesic defining
function ρ and set g¯ = ρ2g+. Let (Mn, [h]) be its conformal infinity. One can show that
([41, 19]) the fractional Yamabe constant satisfies
−∞ < Λs(M, [h]) ≤ Λs(Sn, [hSn ]).
Theorem 3.7 ([41]). In the setting above, if
Λs(M, [h]) < Λs(S
n, [hSn ]), (3.13)
then the s-Yamabe problem is solvable for s ∈ (0, 1).
Therefore, it suffices to find a suitable test function in the functional (3.10) that attains
this strict inequality. As we have mentioned, one needs to find suitable conformal normal
coordinates onM by conformal change, and then deal with the corresponding extension metric.
Hence one needs to make some assumptions on the behavior of the asymptotically hyperbolic
manifold g+ . The underlying idea here is to have g+ as close as possible as a Poincare´-Einstein
manifold. The first one of these assumptions is
Rg+ + n(n+ 1) = o(ρ
2) as ρ→ 0,
which looks very reasonable in the light of (3.4). In particular, under this condition one has
that
E(ρ) = n−1+a4n Rg¯ρ
a + o(ρ2) as ρ→ 0. (3.14)
(compare to (3.2)). Another consequence of this expression is that the 1/2-Yamabe problem
coincides to the prescribing constant mean curvature problem (3.9), up to a small error. In
general one needs a higher order of vanishing for g+ (see [60] for the precise statements), which
is automatically true if g+ is Poincare´-Einstein and not just asymptotically hyperbolic. This
also shows that the natural geometric setting for an asymptotically hyperbolic g+ is to demand
that g+ has constant scalar curvature Rg+ = −n(n+ 1).
The first attempt to prove (3.13) was [41] in the non-umbilic case, where the authors use
a bubble as a test function. The umbilic, non-locally conformally flat case in high dimensions
was considered in [43]. Finally, Kim, Musso and Wei [60] have provided an unified devel-
opment, covering all the cases that do not need a positive mass theorem for the conformal
fractional Laplacian. Their test function is not a “bubble” but instead it has a more compli-
cated geometry. Summarizing, some hypothesis under which the fractional Yamabe problem
for s ∈ (0, 1) is solvable (in addition to those on g+ above) are:
• n ≥ 2, s ∈ (0, 1/2), M has a point of negative mean curvature.
• n ≥ 4, s ∈ (0, 1), M is not umbilic.
• n > 4 + 2s, M is umbilic but not locally conformally flat.
• M is locally conformally flat or n = 2, and the fractional positive mass theorem holds.
However, we see from this last point that to cover all the cases with this method one still
needs to develop a positive mass theorem for the Green’s function of the conformal fractional
Laplacian, which is at this time a puzzling open question. From another point of view, we
mention the work [77], where they use the the barycenter technique of Bahri-Coron to bypass
the positive mass issue for the locally flat and umbilic conformal infinity.
Finally, one may look at the lack of compactness phenomenon. In general, Palais-Smale
sequences can be decomposed into the solution of the limit equation plus a finite number of
bubbles. Moreover, the multi-bubbles are non-interfering even though the operator is non-local
(see, for instance, [34, 85, 61, 62]).
4 The conformal fractional Laplacian on the sphere
In this section we look at the sphere Sn with the round metric hSn , understood as the conformal
infinity of the Poincare´ ball model for hyperbolic space Hn+1. Note that hyperbolic space is the
simplest example of a Poincare´-Einstein manifold, and the model for the general development.
On Sn one explicitly knows ([11], see also the lecture notes [12], for instance) that the
conformal fractional Laplacian (or intertwining operator) has the explicit expression
P S
n
s =
Γ
(
A1/2 + s+
1
2
)
Γ
(
A1/2 − s+ 12
) , A1/2 =√−∆Sn + (n−12 )2, (4.1)
for all s ∈ (0, n/2). From here one easily calculates that the fractional curvature of the sphere
is a positive constant
QS
n
s = P
S
n
s (1) =
Γ
(
n
2 + s
)
Γ
(
n
2 − s
) . (4.2)
Formula (4.1) may be easily derived from the scattering problem (2.2)-(2.3). A proof can
be found in the book [9], which also makes the link to the representation theory community.
Note, however, a different factor of 2, which is always an issue when passing from representation
theory to geometry. For convenience of the reader not familiar with this subject we provide a
direct proof below.
Consider the Poincare´ metric for hyperbolic space Hn+1, written in normal form (2.1) as
g+ = ρ−2
(
dρ2 +
(
1− ρ24
)2
hSn
)
,
for ρ ∈ (0, 2]. Remark that ρ = 2 corresponds to the origin of the Poincare´ ball and thus
the apparent singularity is just a consequence of the expression for the metric in polar-like
coordinates.
Calculating the Laplace-Beltrami operator with respect to g+ we obtain, recalling that
σ = n2 + s, that the eigenvalue equation (2.2) is equivalent to the following:
ρn+1
(
1− ρ24
)−n
∂ρ
[
ρ−n+1
(
1− ρ24
)n
∂ρw
]
+ ρ2
(
1− ρ24
)−2
∆Snw +
(
n2
4 − s2
)
w = 0. (4.3)
We will show that the operator P S
n
s diagonalizes in the spherical harmonic decomposition
for Sn. With some abuse of notation, let µm = m(m + n − 1), m = 0, 1, 2, ... be the eigen-
values of −∆Sn , repeated according to multiplicity, and {Em} be the corresponding basis of
eigenfunctions. The projection of (4.3) onto each eigenspace 〈Em〉 yields
ρn+1
(
1− ρ24
)−n
∂ρ
[
ρ−n+1
(
1− ρ24
)n
∂ρwm
]
− ρ2
(
1− ρ24
)−2
µmwm +
(
n2
4 − s2
)
wm = 0.
This is a hypergeometric ODE with general solution
wm(ρ) = c1ρ
n
2 −sϕ1(ρ) + c2ρ
n
2 +sϕ2(ρ), c1, c2 ∈ R, (4.4)
for
ϕ1(ρ) := (ρ
2 − 4)−n−β+12 2F1
(
−β+1
2 ,
−β+1
2 − s, 1− s, ρ
2
4
)
,
ϕ2(ρ) := (ρ
2 − 4)−n−β+12 2F1
(
−β+1
2 ,
−β+1
2 + s, 1 + s,
ρ2
4
)
,
where we have defined
β :=
√
(n− 1)2 + 4µm
and 2F1 is the usual Hypergeometric function.
In order to calculate the conformal fractional Laplacian, first one needs to obtain an asymp-
totic expansion of the form (2.3) for U, U˜ smooth up to X. Since w must be smooth at the
central point ρ = 2, one should choose the constants c1, c2 such that in (4.4) the singularities
of ϕ1 and ϕ2 at ρ = 2 cancel out. This is,
c12
n
2−s 2F1
(
−β+1
2 ,
−β+1
2 − s, 1− s, 1
)
+ c22
n
2 +s 2F1
(
−β+1
2 ,
−β+1
2 + s, 1 + s, 1
)
= 0. (4.5)
In order to simplify this expression, recall the following property of the Hypergeometric func-
tion from [1]: if a+ b < c, then
2F1(a, b, c, 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) .
After some calculation, (4.5) yields
c2
c1
= 2−2s
Γ
(
1
2 + s+
β
2
)
Γ(−s)
Γ
(
1
2 − s+ β2
)
Γ(s)
. (4.6)
Next, looking at the definition of the conformal fractional Laplacian from (2.4), and noting
that both ϕ1, ϕ2 are smooth at ρ = 0, we conclude from (4.6) that
P S
n
s |〈Em〉um = ds
c2
c1
um =
Γ
(
1
2 + s+
β
2
)
Γ
(
1
2 − s+ β2
)um.
This concludes the proof of (4.1) when s ∈ (0, n/2) is not an integer.
For integer powers k ∈ N, it can be shown that (4.1) also yields the factorization formula
for the GJMS operators on the sphere
P S
n
k =
k∏
j=1
{−∆Sn + (n2 + j − 1) (n2 − j)} . (4.7)
The paper [47] by Graham independently derives this expression just by using the formula
for the corresponding operator on Euclidean space Rn and then stereographic projection to
translate it back to the sphere Sn.
Here we show that Graham’s method using stereographic projection also works for non-
integer s, yielding a factorization formula in the spirit of (4.7). The advantage of this formu-
lation is that it does not require the extension, but only the conformal property (2.6) from
Euclidean space to the sphere.
Proposition 4.1. Let s0 ∈ (0, 1), k ∈ N. Then
P S
n
k+s0 =
k∏
j=1
(
P S
n
1 + cj
)
P S
n
s0 .
for cj = −(s0 + j − 1)(s0 + j).
Here P S
n
1 is the usual conformal Laplacian (2.8) on S
n, i.e.,
P S
n
1 = −∆Sn + n(n−2)4 . (4.8)
Before we give a proof of this result we set up we set up the notation for the stereographic
projection from South pole. Sn is parameterized by coordinates z′ = (z1, . . . , zn), zn+1 such
that |z′|2 + z2n+1 = 1, and Rn by coordinates x ∈ Rn. Let φ : Sn\{S} → Rn be the map given
by
x := φ(z′, zn+1) =
z′
1 + zn+1
.
The push forward map is just
φ∗
(
2
1 + |x|2
)
= 1 + zn+1
and, by conformality, it transforms the metric as
φ∗heq = (1 + zn+1)−2hSn , (4.9)
where heq = |dx|2 is the Euclidean metric. For simplicity, we denote the conformal factor as
Bpf = (1 + zn+1)
pf, Bpf = 2
p(1 + |x|2)−pf,
and note that the change of variable between them is simply
Bpφ∗ = φ∗Bp,
which will be used repeatedly in the following.
Let −∆ be the standard Laplacian on Rn. It is related to the conformal Laplacian on the
sphere (4.8) by the transformation law (1.3), written as
P S
n
1 B
1−n/2φ∗ = B−1−n/2φ∗(−∆). (4.10)
The conformal fractional Laplacian also satisfies the conformal covariance property (2.6), which
is
P S
n
s B
s−n/2φ∗ = B−s−n/2φ∗(−∆)s, (4.11)
where (−∆)s is the standard fractional Laplacian on Rn with respect to the Euclidean metric.
We show some preliminary commutator identities on Rn:
Lemma 4.2. Let X =
∑
xi∂xi . Then
[−∆, X ] = 2(−∆),
[X,Bp] = −p |x|2Bp+1,
[−∆, Bp] = pBp(2X + n− (p− 1)B1 |x|2)B1,
[(−∆)s, B−1] = −s (2X + n+ 2(s− 1)) (−∆)s−1.
(4.12)
Proof. The first three are direct calculations and can be found in [47], while the last one is
proved by Fourier transform. Compute
[(−∆)s, B−1]u(x) = 12
[
(−∆)s{|x|2u(x)} − |x|2(−∆)su(x)] . (4.13)
Fourier transform, with the multiplicative constants normalized to one, yields
F{|x|2(−∆x)su(x)} = −∆ξ{|ξ|2suˆ(ξ)}
= −2s(n+ 2(s− 1))|ξ|2(s−1)uˆ(ξ)− 4s|ξ|2(s−1)
n∑
i=1
ξi∂ξi uˆ(ξ)− |ξ|2s∆ξuˆ(ξ)
= 2s(n+ 2(s− 1))|ξ|2(s−1)uˆ(ξ) − 4s
n∑
i=1
∂ξi
{
ξi|ξ|2(s−1)uˆ(ξ)
}
− |ξ|2s∆ξuˆ(ξ).
Taking the inverse Fourier transform we obtain
|x|2(−∆x)su(x) = 2s(n+ 2(s− 1))(−∆x)s−1u(x) + 4sXu(x) + (−∆x)s{|x|2u(x)}
which, in view of (4.13), immediately yields the fourth identity in (4.12).
Proof of theorem 4.1: By induction, it is clear that it is enough to show that
P S
n
1+s =
(
P S
n
1 + cs
)
P S
n
s , for cs = −s(s+ 1).
Let P := (P Sn1 + cs)P Sns . We claim that P is conformally covariant of order 1+ s in the sense
of (2.6), which, by uniqueness, will imply the proof of the theorem. Thus it is enough to show
that P satisfies the conformal covariance identity
PBs+1−n/2φ∗ = B−s−1−n/2φ∗(−∆)s+1. (4.14)
For this, we first expand the left hand side of (4.14). The idea is to use both the conformal
invariance for the fractional Laplacian of exponent s (4.11) and for the standard conformal
Laplacian (4.10), in order to relate the operator on Sn to the equivalent one on Rn. We have
(LHS) =
(
P S
n
1 + cs
)
P S
n
s B
s+1−n/2φ∗
=
(
P S
n
1 + cs
)
P S
n
s B
s−n/2φ∗B1
=
(
P S
n
1 + cs
)
B−s−n/2φ∗(−∆)sB1
=
(
P S
n
1 + cs
)
B1−n/2φ∗B−1−s(−∆)sB1.
Recalling again the conformal invariance for the conformal Laplacian P S
n
1 from (4.10),
(LHS) =
[
B−1−n/2φ∗(−∆) + csB1−n/2φ∗
]
B−1−s(−∆)sB1
= φ∗B−1−n/2 [(−∆) + csB2]B−1−s(−∆)sB1.
(4.15)
We next claim that
[(−∆) + csB2]B−1−s(−∆)sB1 = B−s(−∆)s+1, (4.16)
whose proof is presented below. Therefore, when we substitute the previous expression into
(4.15) we obtain
(LHS) = φ∗B−1−n/2−s(−∆)s+1,
which indeed implies (4.14) as we wished.
Now we give a proof for (4.16). First note that
(−∆)B−1−s(−∆)sB1 = {(−∆)B−s}B−1(−∆)sB1
= B−s(−∆)B−1(−∆)sB1 + [(−∆), B−s]B−1(−∆)sB1
and
(−∆)B−1(−∆)s = (−∆) {(−∆)sB−1 + [B−1, (−∆)s]}
= (−∆)1+sB−1 + (−∆)[B−1, (−∆)s],
so putting both expressions together yields
[(−∆) + csB2]B−1−s(−∆)sB1 = B−s(−∆)s+1 + Fs,
where
Fs := B−s(−∆)[B−1, (−∆)s]B1 + [(−∆), B−s]B−1(−∆)sB1 + csB1−s(−∆)sB1.
A straightforward computation using the properties of the commutator from Lemma 4.2 gives
that Fs ≡ 0, and thus (4.16) is proved.
This concludes the proof of the Theorem.
From another point of view, on Rn with the Euclidean metric, the fractional Laplacian for
s ∈ (0, 1) can be computed as the principal value of the integral
(−∆)su(x) = C(n, s)
∫
Rn
u(x)− u(ξ)
|x− ξ|n+2s dξ. (4.17)
Our next objective is to give an analogous expression for P S
n
s in terms of a singular integral
operator, using stereographic projection in expression (4.17):
Proposition 4.3. Let s ∈ (0, 1). Given u(z) in C∞(Sn), it holds
P S
n
s u(z) =
∫
Sn
[u(z)− u(ζ)]Ks(z, ζ) dζ +An,su(z),
where the kernel Ks is given by
Ks(z, ζ) = 2
s+n/2C(n, s)
(
1− zn+1
1 + zn+1
)s+n/2(
1− ζn+1
1 + ζn+1
)s+n/2
1
(1− z · ζ)s+n/2 .
and the (positive) constant
An,s =
Γ
(
n
2 + s
)
Γ
(
n
2 − s
) .
Proof. We recall the conformal covariance property for P S
n
s from (2.6)
P S
n
s B
s−n/2φ∗ = B−s−n/2φ∗(−∆)s,
that for u ∈ C∞(Sn) is equivalent to
P S
n
s u = B
−s−n/2φ∗(−∆)s
[
φ∗B−s+n/2u
]
.
From (4.17) we have
(−∆)s [B−s+n/2φ∗u] = 2−s+n2 C(n, s)∫
Rn
(1 + |x|2)s−n/2u(φ−1(x)) − (1 + |ξ|2)s−n/2u(φ−1(ξ))
|x− ξ|n+2s dξ.
We pull back to Sn, with coordinates
x = φ(z), ζ = φ(ξ),
recalling the Jacobian of the transformation from (4.9). Also note that
|x− ξ|2 = 2 1− z · ζ
(1− zn+1)(1− ζn+1) .
Therefore
P S
n
s u(z) = C(n, s)2
s+n/2(1 + zn+1)
−s−n/2
∫
Sn
[
(1 + zn+1)
−s+ n2 u(z)− (1 + ζn+1)−s+ n2 u(ζ)
]
· (1− zn+1)
s+n/2(1− ζn+1)s+n/2
(1− z · ζ)s+n/2 (1 + ζn+1)
−n dζ.
Writing
u(z) = u(z)
(1 + ζn+1)
−s+n/2
(1 + zn+1)−s+n/2
+ u(z)
[
1− (1 + ζn+1)
−s+n/2
(1 + zn+1)−s+n/2
]
,
we can arrive at
P S
n
s u(z) =
∫
Sn
[u(z)− u(ζ)]Ks(z, ζ) dζ + u(z)K˜s(z), (4.18)
for
K˜s(z) = 2
n
2 +sC(n, s)
∫
Sn
(1 + zn+1)
−s+ n2 − (1 + ζn+1)−s+n2
(1 + z · ζ)s+ n2
(1− zn+1)s+n2
(1 + zn+1)n
(1− ζn+1)s+n2
(1 + ζn+1)n
dζ.
On the other hand, it is possible to show that K˜s is constant in z. We have not attempted a
direct proof; instead, we compare (4.2) and (4.18) applied to u ≡ 1. As a consequence,
K˜s(z) ≡
Γ
(
n
2 + s
)
Γ
(
n
2 − s
) .
This yields the proof of the Proposition.
5 The conformal fractional Laplacian on the cylinder
Up to now, we have just considered conformally compact manifolds, for which the conformal
infinity (M, [h]) is compact. But one could also look at the non-compact case. This is, perhaps,
one of the most interesting issues since the definition on of the fractional conformal Laplacian,
being a non-local operator, is not clear when M has singularities. In this section we consider
the particular case when M is a cylinder.
Let M = Rn\{0} with the cylindrical metric given by
h0 :=
1
r2
|dx|2
for r = |x|. Use the Emden-Fowler change of variable r = e−t, t ∈ R, and remark that the
Euclidean metric may be written as
|dx|2 = dr2 + r2hSn−1 = e−2t[dt2 + hSn−1 ] =: e−2th0. (5.1)
Thus, in these new coordinates, M may be identified with the manifold R × Sn−1 with the
metric h0 = dt
2 + hSn−1 .
The conformal covariance property (2.6) allows to formally write the conformal fractional
Laplacian on the cylinder from the standard fractional Laplacian on Euclidean space. Indeed,
P h0s (v) = r
n+2s
2 P |dx|
2
s (r
− n−2s2 v) = r
n+2s
2 (−∆)su,
where we have set
u = r−
n−2s
2 v. (5.2)
This relation also allows to calculate the fractional curvature of a cylinder. It is the (positive)
constant
cn,s := Q
h0
s = P
h0
s (1) = r
n+2s
2 (−∆)s(r− n−2s2 ) = 22s
(
Γ(12 (
n
2 + s))
Γ(12 (
n
2 − s))
)2
, (5.3)
where the last equality is shown taking into account the Fourier transform of a homogeneous
distribution.
In [27] the authors compute the principal symbol of the operator P h0s on R × Sn−1 using
the spherical harmonic decomposition for Sn−1. This proof is close in spirit to the calculation
we presented in the previous section for the sphere case, once we understand the underlying
geometry. In fact, the standard cylinder (R × Sn−1, h0) is the conformal infinity of the Rie-
mannian AdS space, which is another simple example of a Poincare´-Einstein manifold. AdS
space may be described as the (n+ 1)-dimensional manifold with metric
g+ = ρ−2
(
dρ2 +
(
1 + ρ
2
4
)2
dt2 +
(
1− ρ24
)2
hSn−1
)
,
where ρ ∈ (0, 2] and t ∈ R. As in the sphere case, the calculation of the Fourier symbol
of P h0s goes by reducing the scattering problem (2.2)-(2.3) to an ODE in the variable ρ and
then looking at its asymptotic behavior at ρ = 0 and ρ = 2. We will not present the proof
of Theorem 5.1 below but refer to the original paper [27], since the new difficulties are of
technical nature only.
With some abuse of notation, let µm = m(m + n − 2), m = 0, 1, 2, ... be the eigenvalues
of −∆Sn−1 , repeated according to multiplicity. Then, any function v on R × Sn−1 may be
decomposed as
∑
m vm(t)Em, where {Em} is a basis of eigenfunctions. Let
vˆ(ξ) =
1√
2π
∫
R
e−iξ·tv(t) dt
be our normalization for the one-dimensional Fourier transform. Then the operator P h0s di-
agonalizes under such eigenspace decomposition, and moreover, it is possible to calculate the
Fourier symbol of each projection. More precisely:
Theorem 5.1 ([27]). Fix s ∈ (0, n2 ) and let Pms be the projection of the operator P h0s over
each eigenspace 〈Em〉. Then
̂Pms (vm) = Θ
m
s (ξ) v̂m,
and this Fourier symbol is given by
Θms (ξ) = 2
2s
∣∣∣Γ( 12 + s2 +
√
(
n
2−1)2+µm
2 +
ξ
2 i
)∣∣∣2∣∣∣Γ( 12 − s2 +
√
(
n
2−1)2+µm
2 +
ξ
2 i
)∣∣∣2 . (5.4)
Let us restrict to the space of radial functions v = v(t), which corresponds to the eigenspace
with m = 0, and denote Ls := P
0
s . Then the Fourier symbol of Ls is given by
Θ0s(ξ) = 2
2s
∣∣∣Γ(n4 + s2 + ξ2 i)∣∣∣2∣∣∣Γ(n4 − s2 + ξ2 i)∣∣∣2 .
Again, in parallel to Proposition 4.3 in the sphere case, it is possible to give a singular
integral formulation for the pseudodifferential operator Ls acting on 〈E0〉:
Proposition 5.2 ([28]). Given v = v(t) smooth, t ∈ R, we have for Ls:
Lsv(t) = C(n, s)P.V.
∫ ∞
−∞
(v(t) − v(τ))K(t − τ) dτ + cn,sv(t), (5.5)
for the kernel
K(ξ) = cn(sinh ξ)
−1−2s(cosh ξ)
2−n+2s
2 2F1
(
A+1
2 −B, A2 −B + 1;A−B + 1; (sech ξ)2
)
.
where A = n+2s2 , B = 1+s, cn is a dimensional constant and the value of cn,s is given in (5.3).
It can be shown ([28]) that the asymptotic behavior of this kernel K is
K(ξ) ∼ |ξ|−1−2γ as |ξ| → 0,
K(ξ) ∼ e−|ξ|
n+2γ
2 as |ξ| → ∞.
This shows that, at the origin, its singular behavior corresponds to that of the one-dimensional
fractional Laplacian but, at infinity, it has a much faster decay. Levy processes arising from
this type of generators are known as tempered stable processes; they combine both α-stable
(in the short range) and Gaussian (in the long range) trends.
Before we continue with this exposition let us mention a related problem: to construct
solutions to the fractional Yamabe problem on Rn, s ∈ (0, 1), with an isolated singularity at
the origin. This means that one seeks positive solutions of
(−∆)su = cn,su
n+2s
n−2s in Rn \ {0}, (5.6)
where cn,s is any positive constant that will be normalized as in (5.3), and such that
u(x)→∞ as |x| → 0.
For technical reasons, one needs to assume here that n > 2 + 2s. Because of the well known
extension theorem for the fractional Laplacian (5.6) is equivalent to the boundary reaction
problem 
− div(ya∇U) = 0 in Rn+1+ ,
U = u on Rn \ {0},
−d∗s lim
y→0
ya∂yu = cn,su
n+2s
n−2s on Rn \ {0}.
(5.7)
Our model for an isolated singularity is the cylindrical solution, given by U1 = P ∗x u1
with u1(r) = r
− n−2s2 . In the recent paper [16] the authors characterize all the nonnegative
solutions to (5.7). Indeed, if the origin is not a removable singularity, then u(x) is radial in
the x variable and, if u = U(·, 0), then near the origin one must have that
c1r
−n−2s2 ≤ u(x) ≤ c2r−
n−2s
2 ,
where c1, c2 are positive constants.
Positive radial solutions for (5.6) have been studied in the papers [27, 28]. It is clear from
the above that one should look for solutions of the form (5.2) for some function v = v(r)
satisfying 0 < c1 ≤ v ≤ c2. In the classical case s = 1, equation (5.6) reduces to a standard
second order ODE. However, in the fractional case it becomes a fractional order ODE and, as
a consequence, classical methods cannot be directly applied here.
One possible point of view is to rewrite (5.6) in the new metric h0. Since the metrics |dx|2
and h0 are conformally related by (5.1), we prefer to use h0 as a background metric and thus
any conformal change may be rewritten as
hv = u
4
n−2s |dx|2 = v 4n−2sh0,
where u and v are related by (5.2). Then the original problem (5.6) is equivalent to the
fractional Yamabe problem on R×Sn−1: fixed h0 as a background metric on R× Sn−1, find a
conformal metric hv of positive constant fractional curvature Q
hv
s , i.e., find a positive smooth
solution v for
P h0s (v) = cn,sv
n+2s
n−2s on R× Sn−1. (5.8)
A complete study of radial solutions v = v(t), 0 < c1 ≤ v ≤ c2, for this equation is not
available since is not an ODE. The local case s = 1, however, is well known since it reduces
to understanding the phase-portrait of a Hamiltonian ODE (see the lecture notes [89], for
instance), and periodic solutions constructed in this way are known as Delaunay solutions for
the scalar curvature.
Fractional Delaunay solutions vL to equation (5.8), i.e., radially symmetric periodic solu-
tions in the variable t ∈ R for a given period L, are constructed in [28] using a variational
method that we sketch here: if v is radial, then (5.8) is equivalent to
Lsv = cn,sv
n+2s
n−2s , t ∈ R,
where Ls is given in (5.5). For periodic functions v(t+ L) = v(t) it can be rewritten as
L
L
s v = cn,sv
n+2s
n−2s , t ∈ [0, L], (5.9)
for
L
L
s v(t) = C(n, s)P.V.
∫ L
0
(v(t)− v(τ))KL(t− τ) dτ + cn,sv(t),
and KL is a periodic singular kernel given by KL(ξ) =
∑
j∈ZK(ξ − jL).
We find a bifurcation behavior at the value of L, denoted by L0, where the first eigenvalue
for the linearization of problem (5.9) crosses zero. Moreover, for each period L > L0 there
exists a periodic solution vL:
Theorem 5.3 ([28]). Consider the variational formulation for equation (5.9), written as
b(L) = inf {FL(v) : v ∈ Hs(0, L), v isL-periodic}
where
FL(v) =
C(n, s)
∫ L
0
∫ L
0
(v(t)− v(τ))2KL(t− τ) dt dτ + cn,s
∫ L
0
v(t)2 dt( ∫ L
0
v(t)2∗ dt
)2/2∗ .
Then there is a unique L0 > 0 such that b(L) is attained by a nonconstant (positive) minimizer
vL when L > L0 and when L ≤ L0 b(L) is attained by the constant only.
Such vL for L > L0 are known as the Delaunay solutions for the fractional curvature,
and they can be characterized almost explicitly. We remark that, geometrically, the constant
solution vL0 corresponds to the standard cylinder, while vL → v∞ as L→∞, where v∞(t) =
c(cosh(t))−
n−2s
2 corresponds to a standard sphere (i.e., the bubble solution (3.12), normalized
accordingly). For other values of L we have a characterization as a bubble tower; in fact:
Proposition 5.4 ([5]). We have that
vL =
∑
j∈Z
v∞(· − jL) + φL,
where
‖φL‖Hs(0,L) → 0 as L→∞. (5.10)
Moreover, for L large we have the following Holder estimates on φL:
‖φL‖Cα([0,L]) ≤ Ce−
(n−2s)L
4 (1+ξ)
for some α ∈ (0, 1) and ξ > 0 independent of L.
Finally, Delaunay-type solutions can be used in gluing problems since they model isolated
singularities. In [5] the authors modify the methods in [90, 82] to construct complete metrics
on the sphere of constant scalar curvature with a finite number of isolated singularities:
Theorem 5.5 ([5]). Let Λ = {p1, . . . , pN} be a set of N points in Rn. There exists a smooth
positive solution u for the problem{
(−∆)su = u n+2sn−2s in Rn \ Λ,
u(x)→∞ as x→ Λ.
(5.11)
The proof of this theorem consists of a Lyapunov-Schmidt reduction involving a different
perturbation of each bubble in the bubble tower (5.4), in the spirit of [71]. Note that the
compatibility conditions that arise come from an infinite-dimensional Toda-type system; in
addition, they do not impose any restriction on the location of the singular points, only on
the neck sizes L at each singularity.
6 The non-compact case
Once the isolated singularities case has been reasonably well understood, we turn to the study
of higher dimensional singularities. From the analysis point of view, one wishes to understand
the semilinear problem {
(−∆)su = c u n+2sn−2s in Rn \ Λ,
u(x)→∞ as x→ Λ,
(6.1)
where Λ is a closed set of Hausdorff dimension 0 < k < n and c ∈ R. The first difficulty one
encounters is precisely how to define the fractional Laplacian (−∆)s on Ω := Rn \Λ since it is
a non-local operator. Nevertheless, as in the cylinder case, this is better understood from the
conformal geometry point of view.
In order to put (6.1) into a broader context, let us give a brief review of the classical singular
Yamabe problem (s = 1). Let (M,h) be a compact n-dimensional Riemannian manifold, n ≥ 3,
and Λ ⊂ M is any closed set as above. We are concerned with the existence and geometric
properties of complete (non-compact) metrics of the form hu = u
4
n−2h with constant scalar
curvature. This corresponds to solving the partial differential equation (recall (1.4))
−∆hu+ n−24(n−1)Rhu = n−24(n−1)Ru
n+2
n−2 , u > 0,
where Rhu ≡ R is constant and with a boundary condition that u→∞ sufficiently quickly at
Λ so that hu is complete. It is known that solutions with R < 0 exist quite generally if Λ is
large in a capacitary sense ([70, 64]), whereas for R > 0 existence is only known when Λ is a
smooth submanifold (possibly with boundary) of dimension k < (n− 2)/2 ([81, 33]).
There are both analytic and geometric motivations for studying this problem. For example,
in the positive case (R > 0), solutions to this problem are actually weak solutions across the
singular set ([92]), so these results fit into the broader investigation of possible singular sets
of weak solutions of semilinear elliptic equations.
On the geometric side, a well-known theorem by Schoen and Yau ([92, 91]) states that if
(M,h) is a compact manifold with a locally conformally flat metric h of positive scalar cur-
vature, then the developing map D from the universal cover M˜ to Sn, which by definition is
conformal, is injective, and moreover, Λ := Sn \D(M˜) has Hausdorff dimension less than or
equal to (n − 2)/2. Regarding the lifted metric h˜ on M˜ as a metric on Ω, this provides an
interesting class of solutions of the singular Yamabe problem which are periodic with respect
to a Kleinian group, and for which the singular set Λ is typically nonrectifiable. More gener-
ally, they also show that if hSn is the canonical metric on the sphere and if h = u
4
n−2hSn is
a complete metric with positive scalar curvature and bounded Ricci curvature on a domain
Ω = Sn \ Λ, then dimΛ ≤ (n− 2)/2.
Going back to the non-local case, although it is not at all clear how to define P h˜s and Q
h˜
s
on a general complete (non-compact) manifold (Ω, h˜), in the paper [40] the authors give a
reasonable definition when Ω is an open dense set in a compact manifold M and the metric h˜
is conformally related to a smooth metric h onM . Namely, one can define them by demanding
that the conformal property (2.6) holds (as usual, we assume that a Poincare´-Einstein filling
(X, g+) has been fixed). Note, however, that this is not as simple as it first appears since,
because of the nonlocal character of P h˜s , we must extend u as a distribution on all ofM . There
is no difficulty in using the relationship (2.6) to define P h˜s φ when φ ∈ C∞0 (Ω). From here one
can use an abstract functional analytic argument to extend P h˜s to act on any φ ∈ L2(Ω, dvh˜).
Indeed, it is straightforward to check that the operator P h˜s defined in this way is essentially
self-adjoint on L2(Ω, dvh˜) when s is real. However, observe that P
h˜
s = (−∆h˜)s + K, where K
is a pseudo-differential operator of order 2s− 1. Furthermore, (−∆h˜)s is self-adjoint. Since K
is a lower order symmetric perturbation, then P h˜s is also essentially self-adjoint.
Another interesting development is [53], where they give a sharp spectral characterization
of Poincare´-Einstein manifolds with conformal infinity of positive Yamabe type.
The singular fractional Yamabe problem on (M, [h]) is then formulated as{
P hs u = cu
n+2s
n−2s in M \ Λ,
u(x)→∞ as x→ Λ,
(6.2)
for c ≡ Qh˜s constant. A separate, but also very interesting issue, is whether c > 0 implies that
the conformal factor u is actually a weak solution of (6.2) on all of M .
The first result in [40] partially generalizes Schoen-Yau’s theorem:
Theorem 6.1 ([40]). Suppose that (Mn, h) is compact and hu = u
4
n−2sh is a complete metric
on Ω = M \ Λ, where Λ is a smooth k-dimensional submanifold in M . Assume furthermore
that u is polyhomogeneous along Λ with leading exponent −n/2 + s. If s ∈ (0, n2 ), and if
Qhs > 0 everywhere for any choice of asymptotically Poincare´-Einstein extension (X, g
+) then
n, k and s are restricted by the inequality
Γ
(
n
4
− k
2
+
s
2
)/
Γ
(
n
4
− k
2
− s
2
)
> 0. (6.3)
This inequality holds in particular when
k <
n− 2s
2
, (6.4)
and in this case then there is a unique distributional extension of u on all of M which is still
a solution of (6.2) on all of M .
As we have noted, inequality (6.3) is satisfied whenever k < (n − 2s)/2, and in fact
is equivalent to this simpler inequality when s = 1. When s = 2, i.e. for the standard
Q−curvature, this result is already known: [23] shows that complete metrics with Q2 > 0 and
positive scalar curvature must have singular set with dimension less than (n − 4)/2, which
again agrees with (6.3).
Of course, the main open question is to remove the smoothness assumption on the singular
set Λ. Recent results of [97] show that, under a positive scalar curvature assumption, if Qs > 0
for s ∈ (1, 2), then (6.4) holds for any Λ.
We also remark that a dimension estimate of the type (6.3) implies some topological restric-
tions onM : on the homotopy ([91], chapter VI), on the cohomology ([84]), or even classification
results in the low dimensional case ([56]).
Finally, one can also obtain existence of solutions when s is sufficiently near 1 and Λ is
smooth by perturbation theory:
Theorem 6.2 ([40]). Let (Mn, h) be compact with nonnegative Yamabe constant and Λ a
k-dimensional submanifold with k < 12 (n − 2). Then there exists an ǫ > 0 such that if s ∈
(1− ǫ, 1+ ǫ), there exists a solution to the fractional singular Yamabe problem (6.2) with c > 0
which is complete on M \ Λ.
The next step is to show existence for any value of s ∈ (0, 1). If we do not worry about
completeness, partial results have been obtained in [6]. We hope to return to this problem
elsewhere.
7 Uniqueness
One of the main questions that arises is, given a manifold (Mn, h), is there a canonical way to
define the conformal fractional Laplacian on M? this question is equivalent to ask how many
Poincare´-Einstein fillings (Xn+1, g+) one can find. The answer is, in general, not unique,
unless the conformal infinity is the round sphere (or equivalently, Rn) (see the survey [25], for
instance).
In this section we would like to describe two Poincare´-Einstein fillings on the topologically
same 4-manifold with the same conformal infinity. This construction comes from the study of
thermodynamics of black holes in Anti-de Sitter Space [55], and it is explained in the survey
[25], but we repeat it here for completeness.
The AdS-Schwarzchild manifold is an Einstein 4-manifold described as R2 × S2 with the
metric
g+m = V dt
2 + V −1dr2 + r2hS2 for V = 1 + r2 −
2m
r
.
We call rm the positive root for 1 + r
2 − 2mr = 0, and we restrict r ∈ [rm,+∞). m > 0 is
known as the mass parameter, to be chosen later.
Even though this metric seems singular ar rm, we will prove that this is not the case if we
make the t variable periodic, i.e., t ∈ S1(L). To see this, define a function ρ : (rh,∞)→ (0,∞)
by
ρ(r) =
∫ r
rm
V −1/2.
One can check that for r near rm,
gm+1 ∼ dρ2 +
(V ′(rm))2
4
ρ2dt2 + r2hS2 ,
so the singularity at r = rm is of the same type as the origin in standard polar coordinates.
Thus thus we need to make the t variable periodic, i.e, 0 ≤ t ≤ 2πL, for
L := L(m) =
V ′(rm)
2
=
2rm
3r2m + 1
. (7.1)
To show that g+m is conformally compact, we change to the defining function s =
1
r . Since
V (r) ≈ 1s2 when s→ 0, then
g+m ∼
1
s2
[ds2 + dt2 + hS2 ] as s→ 0.
Therefore, for each m > 0, g+m is Poincare´-Einstein and its conformal infinity is S
1(L) × S2
with the metric hm := dt
2 + hS2 .
But we could ask the reverse question of, given L, how many Poincare´-Einstein fillings one
can find for S1(L) × S2. Looking at (7.1), rm = 1√3 is a critical point for L(rm), actually a
maximum with value
L
(
1√
3
)
= 1√
3
.
There holds
• For 0 < L < 1/√3, we can find two different masses m1 and m2 with the same L(m).
• For L = 1/√3, there exist only one mass m which gives L(m).
• If L > 1/√3, there does not exist any mass which gives L(m).
Thus for the same conformal infinity S1(L)×S2, when 0 < L < 1√
3
there are two non-isometric
AdS-Schwarzschild spaces with metrics g+m1 and g
+
m2 . The natural question now is to calculate
the symbol of the conformal fractional Laplacian Pms on the conformal infinity for each model.
This calculation is similar to that of (4.1) for the sphere and (5.4) for the cylinder. But,
unfortunately, the spherical harmonic decomposition yields a more complicated ODE that we
have not been able to solve analytically.
8 An introduction to hypersurface conformal geometry
Let (X
n+1
, g¯) be any smooth compact manifold with boundary (Mn, h), where h = g¯|M , for
instance, a domain in Rn+1 with the Euclidean metric. One would like to understand the
conformal geometry ofM as an embedded hypersurface with respect to the given filling metric
g¯, and to produce new extrinsic conformal invariants on this hypersurface.
In this discussion we are mostly interested in the construction of non-local objects on M ,
in particular, the conformal fractional Laplacian, and to understand how this new P hs depends
on the geometry of the background metric g¯. A good starting reference is the recent paper
[48], although the author is more interested in renormalized volume rather than scattering (see
also the parallel development by [44, 45] in the language of tractor calculus).
Let ρ be a geodesic defining function for M . This means, in particular, that g¯ = dρ2 + hρ,
where hρ is a one parameter family of metrics onM with hρ|ρ=0 = h. We would like to produce
a suitable asymptotically hyperbolic filling metric g+ for which the scattering problem (2.2)-
(2.3) can be solved in terms of information from g¯ only. Looking at (3.4), the reasonable
assumption is to ask that g+ has constant scalar curvature
Rg+ = −n(n+ 1). (8.1)
Thus we seek a new defining function ρˆ = ρˆ(ρ) such that if we define
g+ =
g¯
ρˆ2
,
then this g+ is asymptotically hyperbolic and satisfies (8.1). Remark that sometimes it will
be more convenient to write g+ = u
4
n−1 g¯ for u = ρˆ−
n−1
2 .
This problem for g+ reduces to the singular Yamabe problem of Loewner-Nirenberg ([70])
for constant negative scalar curvature and it has been well studied ([78, 7, 4], for instance). In
PDE language, looking at the conformal transformation law for the usual conformal Laplacian
(1.4), it amounts to find a positive solution u in X to the equation
−∆g¯u+ n−14n Rg¯u = −n
2−1
4 u
n+3
n−1
that has the asymptotic behavior
u ∼ ρ−n−12 near ∂X
(recall that we are working on an (n+1)-dimensional manifold). It has been shown that such
solution exists and it has a very specific polyhomogeneous expansion near ∂X , so that
g+ =
g¯(1 + ρα+ ρn+1β)
ρ2
,
where α ∈ C∞(X) and β ∈ C∞(X) has a polyhomogeneous expansion with log terms. This
type of expansions often appears in geometric problems, such as in the related [54], and each of
the terms in the expansion has a precise geometric meaning (some are local, others non-local).
In this general setting, scattering for g+ can be considered ([51]), and one is able to
construct the conformal fractional Laplacian on M with respect to the starting g¯ once the
log terms in the expansion are controlled. For s ∈ (0, 1) these log terms do not affect the
asymptotic expansions at the boundary and one has:
Theorem 8.1 ([52] for s = 1/2, [22] in general). Fix s ∈ (0, 1). Let (Xn+1, g¯) be a smooth
compact manifold with boundary Mn and set h := g¯|M . Let ρ be a geodesic defining function.
Then there exists a defining function ρˆ as in the above construction. Moreover, if U is a
solution to the following extension problem{
− div(ρˆa∇U) + E(ρˆ)U = 0 in (X¯, g¯),
U = u on M,
for E(ρˆ) given in (3.2), then the conformal fractional Laplacian P hs on M with respect to the
metric h may be constructed as in Theorem 3.2.
One could also look at higher values of s ∈ (0, n/2). For example, when M is a surface in
Euclidean 3-space, one recovers the Willmore invariant with this construction, so an interesting
consequence of this approach is that it produces new (extrinsic) conformal invariants for hy-
persurfaces in higher dimensions that generalize the Willmore invariant for a two-dimensional
surface. Many open questions still remain since this is a growing subject.
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